ON THE 3D STEADY FLOW OF A SECOND GRADE FLUID 
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Abstract. We study steady flow of a second grade fluid past an obstacle in 
three space dimensions. We prove existence of solution in weighted Lebesgue 
spaces with anisotropic weights and thus existence of the wake region behind 
the obstacle. We use properties of the fundamental Oseen tensor together with 
results achieved in 6_ and properties of solutions to steady transport equation 
to get up to arbitrarily small e the same decay as the Oseen fundamental 
solution. 



1. Introduction 

The flow of a second grade fluid is governed by the following system of equations. 

p-+pv.Vv + Vp = divT + pf in(Q)T)x05 (1) 

div v = oj 

where v denotes the fluid velocity, p is the pressure, p is the constant density of 
the fluid, f stands for the external force and T is the Cauchy stress tensor which 
for the second grade fluid is given by (see e.g. |13j ) 

T = 2fiD + 2aiAi + 4a 2 D 2 . (2) 

Here \i is a constant viscosity, D = |(Vv + (Vv) T ) is the symmetric part of the 
velocity gradient, a± > and ai are the stress moduli and Ai is given by 

Ai = -jipD + v • VD + (Vv) T D + DVv. (3) 

at 

The condition of thermodynamical stability yields a.\ + ai = 0, see [2]. 

Remark 1. The question of signs and values of the stress moduli a\, ai and 
especially of a\ + ai in this model is not clear. In pQ the authors show that the 
constraint ct\ + ai = is not necessary for the mathematical problem being well 
set. In [5 the authors show that for a\ < the rest state of flow of second grade 
fluid in exterior domain is instable. Our results can be easily adapted also for the 
case «i + Q2 / 0, however we keep this thermodynamic constraint for simplicity. 
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We consider a steady flow past an obstacle, that is is an exterior domain 
M 3 \ B, where B is a simply connected compact set and we assume that B k l(0) C 
B C -Bl(O) for some k > and L > 0. Plugging (JXJ) - ([3]) together we get 



-pAv - ai(v ■ V)Av + Vp = -p(v ■ V)v + pf+ 
+aidiv [(Vv) T (Vv + (Vv) T )] 
divv = 

v = 
v -> v m 



in O 

on 90 
as Ixl 



(4) 



96 

► oo, 



where is the prescribed constant velocity at infinity. Assuming ^ we can 
rotate the coordinate system in such a way that Voo = /3ei = (/3, 0, 0) and denoting 
u = v Vqo we get from (f4|) 



-/jAu - ai(u • V Au - aifiA—- + p/3-— 

ox i ox i 



-p(u • V)u + pi + aidiv [(Vu) J (Vu + (Vu) J )] 

div u = 
u = -Voo = -/3ei 
u / 



> in Q 

on 90 = 96 
as Ixl — > oo. 



(5) 



Next we rewrite the equations in dimensionless form, i.e. we introduce new velocity 
U = u//3 and new independent variable X = x/L, where L is the diameter of the 



obstacle. We renormalize the pressure P 



p 



and the external force F 



fL 



and 



introduce the Reynolds number 1Z — and the Weisenberg number W = j^-. 
However, for the sake of transparency, we keep writing small letters instead of 
capital letters. After renormalization we end up with 



-Au - W(u • V)Au - WA— + K-^- + TlVp = 

OXi OXi 

-K(u ■ V)u + Ki + Wdiv [(Vu) T (Vu + (Vu) T )] 

div u = 
u = — ei 
u -> 



> in Q 

on dfl 
as x| 



(G) 



oo, 



where the renormalized domain fl = M 3 \ V and -B K (0) C V C -Bi(O). Finally we 
follow the decomposition procedure proposed in [8]. We introduce new pressure q 
as a solution to 

q + W[(u- 



and we denote 



Au + K 



9u 

dx\ 



Then z satisfies 

z + W[(u + ei) ■ V]z = ftf - ft(u • V)u - 



V]q = Tip 
f Vg =: z. 

-VVdiv[(Vu) T (Vu+ (Vu) T )]- 



(7) 

(8) 



9u 



,9 2 u 



w(Vuyvq + Tzw(u-v)— + nw—^. (9) 



9:ci 



ON THE 3D STEADY FLOW OF A SECOND GRADE FLUID PAST AN OBSTACLE 3 



Note that we still have the conditions 

div u = in ft 

u = — ei on dfl (10) 
u r as |x| — > 00, 
Our main result is the following 

Theorem 1. Let f = divH, H 6 W fc ' 2 (ft), k > 3. Let ft e C k+1 be an exterior 
domain in R 3 and let TZq, Wq be sufficiently small. Then for any 1Z £ (0, W £ 
(0, Wo) there exists a unique solution (u, q) to the problem ^ - MU\) for which the 
following estimates hold 

^||u|| 4 +||Vu|| M + || g || M <K (11) 

// in addition f , H £ L P (Q, (*)^)) f or some p > 6 and 1Z and W are 

sufficiently small, the previously obtained solution (u, q) has the following properties 

ue 77(0,^:1% ft)) 

P 

Vu,V 2 ueiP(ft, Ai f_"|'"(.,ft)) (12) 

P 

g ,Vge£f(ft,//r!%ft)). 



In particular 



ueL 00 (ft, M J_f'"(-,ft)). (13) 



Remark 2. TTie weights are defined in As the power p can be chosen 

arbitrarily large, we get almost the same asymptotic structure as for the fundamental 
solution O of the Oseen system. 

Remark 3. Note that for f £ L°°(ft, rjf (x)) it holds 

H f ll §-§•- <Cft- 2 "-t||f|| m 3 (14) 
lp(q,^_£ (-,tc)) L~(n, ni 3 (-)) 
p 

Throughout this paper we shall assume W and 1Z small. We introduce operator 

M : (w, s) H> z M> (u, g), (15) 
where for given (w, s), z is the solution to the transport equation 

z + W[(w + ei) ■ V]z = TZf- TZ{w ■ V)w + Wdiv [(Vw) T (Vw + (Vw) T )]- 

<9w „,<9 2 w 

ox\ ax\ 
and (u, g) is the solution to the Oseen problem 



W(Vw) T Vs + ftW(w- V)— +TZW-^ rT =:B(f,w,s) in ft (16) 



Au + K— — + Vg = z in ft 

oxi 



div u = in ft 
u = — ei on 9ft 
u — > as Ixl — > 00. 
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We have decomposed the original problem into the Oseen problem (|T7|) and the 
steady transport equation IT6|) . Due to the pressence of the Oseen problem we 
expect the structure of solutions to correspond to the structure of the Oseen fun- 
damental solution, especially the existence of the wake region behind the obstacle 
(compare with [3], [12] for incompressible Navier-Stokes equations and [10] for vis- 
coelastic fluid). Denoting s(x) = |x| — x\ one might expect the solution u to satisfy 

luMI^CIxr^l + ^x))- 1 (18) 

for |x| sufficiently large. However we are only able to prove 

|u(x)|<C|x|- 1+e (l + S (x)r 1+e (19) 

for arbitrarily small e. This is due to the presence of the linear term IZW^? on 

the right-hand side of the transport equation ([TBI) . This implies that the solution to 
the transport equation has the same decay as V 2 w (quadratic terms decay faster). 
Moreover, for the Oseen system previously available estimates for the second gra- 
dient (which were using techniques of fundamental solution) lose logarithmic factor 
in the weight in the L°° norm, LP estimates lose e in the weight, see [TT]. Thus 
fixed point theorem argument would not work. Fortunately due to recent results of 
Koch [5] we have at least L p estimates without mentioned e loss in the weight and 
therefore fixed point argument works. 

It is worth mentioning that in [10] , where the model of viscoelastic fluid is consid- 
ered, authors are able to overcome these problems by introducing modified Oseen 

r) 2 

problem with the problematic term |^ being included in the Oseen operator. Then 
all terms on the right hand side are quadratic and thus with better decay. In our 
problem this cannot be repeated since this linear term appears in the transport 
equation. 

The drawback of using L p estimates is that in order to get L°° estimate we have 
to use embedding theorems and thus we are able to prove 

| U (x)i <c|xr i+e (i + S (x))- i+£ 

for arbitrarily small e. Details will be specified in the proper part of the proof. 

2. Preliminaries 

Throughout this paper we will use standard notation for the Lebesgue spaces 
L p (il) with the norm || • || , the Sobolev spaces W k,p {yi) with the norm ||-|| fcp and 
the homogenous Sobolev spaces D k ' p (tt) with the norm |-| fc Let g 6 L} oc (SY) be a 
nonnegative weight. Then L p (Q,g) denotes the weighted L p space with the norm 

IMU( 3 ) = INIIp 

for any p £ [1, oo]. Similarly, W k ' p (Cl, g) denotes the weighted Sobolev space with 
the norm 

IMIfc, P ,(9) = \\ u a\\ k ,p- 

Note that if there is no confusion we sometimes omit writing the domain and instead 
of L p (Q,g) we write simply L p (g). 

As we decomposed the original problem into an Oseen problem and a steady 
transport equation, we shall mention several classical results about these problems 
in three dimensional exterior domains. Let us start with the Oseen problem (TTfl) . 



ON THE 3D STEADY FLOW OF A SECOND GRADE FLUID PAST AN OBSTACLE 5 



2.1. Oseen problem. Existence and properties. We denote by (C,e) the 
fundamental solution to the Oseen problem. It can be shown (see for example [11]) 
that 

e(x) = V£ (x), (20) 

where £ (x) is the fundamental solution to the Laplace equation. The tensor 
C(x, TZ) (here TZ denotes the constant standing in front of J^- in the equation) 
satisfies the following property 

o(x,n) = tzo{tz*, i) (21) 

and therefore it is sufficient to study the tensor 0(x, 1). For |x| —> oc we have 

0(X,1)~|X|- 1 (1+5(X))- 1 

7J Q 0(x, 1) ~ Ixf 1 ^ (1 + s(x))- 1 ^ (22) 

7J Q 0(x,l)^|xr 1 - ai -^ i (l + S (x))- 1 -^, 

i.e. the derivatives with respect to the first variable decay faster. 
Next, we present some results for the general Oseen problem 



Q 

-Au + K— -+VP=f = divQ inQ 

div u = in fi 
u = on dVL 
u > as |x| — > oo, 



(23) 



where f2 is an exterior domain. 

The proof of the following classical theorem can be found in [3] or in [TT] . 

Theorem 2. Let fl C M 3 be an exterior domain of class C k+2 . Let f € 7J _1 ' 9 (O)n 
VK fe ' 2 (ft), u* G W fe+ i' 2 (50) ; g S (§,3), k > 0. TTien t/iere eiiste ea;ac% one 
q-weak solution (i.e. weak solution such that u G W 1,q (fl)) to \2S\) . Moreover 

ueL^(Sl) and Vu, P G L 9 (0) n W k+1 ' 2 (CI) (24) 

and 



a 2 Hull^ + |u| M + ||Vu|| fc+li2 + ||P|| g + ||P|| fc+1 , 2 < 

<C(|f|-l, 9 + l|f|l fe ,2 + l|u*IU + S j2 , an ), 

where for TZ G (0, TZq] the constant C = C(k, q, fi, TZq) and a 2 = min{l, 72.* } 



We need the following integral representation of solutions to (|23[) to obtain 
weighted estimates. 
Let us denote 

_ , . aei oe.i m 
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Theorem 3. Let fi 6 C 2 be an exterior domain, Q £ Cq°(£1) and (u, P) be the 
unique solution to \2S\) . Let T be defined in h2b\l and (C,e) be the fundamental 
solution to the Oseen problem. Then 

f f) 

= J ^°y( x - y.^)ftfc(y)dy+ 

+ f [-KO ij (xL-y,K)u i (y)5 lk +u i (y)T ik {0. j ,e j ){x-y,ll) + 

+ O i i(x-y,7e)T ife (u,P)(y) + (r) ij (x-y,^)ft fc (y)]n fe (y)d5 (27) 




O ij ( X -y,n)g ik {y)dy+ 



+ f [-UD a O ij {yi-y,n)u i {y)5 lk +u i {y)D a T ik {0. j ,e j ){^-y,Tl) + 
Jon 

+ D a O lJ ix~y,K)T lk (u,P)(y)+D a O lJ ( X -y,K)g ik (y)}n k (y)dS (28) 
for \a\ = 1 and 

D a ty(x) =«.p. / D a Oy(x-y,7e)^-^ fe (y)dy + c ijQia3 ^(x)+ 

+ / [-^ J D Q O l ,(x-y,7eK(y) ( 5 lfc + M . i (y) J D Q T 4fe (C».„e,)(x-y,7e) + 
Jan 

+ 79 Q y -(x-y,ft)T^u,P)(y)]n fe (y)dS (29) 

/or |a| = 2. 

Remark 4. TTie integral representation formulas hold for much larger classes of 
functions. For example it holds for a. a. x £ £1 if u £ Wi 'c(^) and -P 6 Wjo'c(^) 
/or some q £ (1, oo) and 

• #0 e and div£ £ £F oc (H) /or q £ (1,4), r £ (l,oo), 

• i)i/6f; L«(fi) an_d div£ £ LJ" oc (fi) /or g,r £ (l,oo), 

• fS3H ifdivQ G i[ oc (n) V r £ (l,oo). 

For the pressure we have also integral representation formulas. 

Theorem 4. Let fl E C 2 be an exterior domain, Q £ Co°(fi) and (u, P) be the 
unique solution to 123\) . Let Tij and Tij be defined in 126\) . Then 

P(x) = v.p. / - — e,(x - y)&(y)dy + c ik g ik (x)+ 
Jq ox k 

+ / [-Hei{x. - y)ui{y)5 u + Ul (y)Tu(e)(x - y) + 
Jan 

+ e,(x - y)T lZ (u, P)(y) + e<(x - y)G«(y)] n ; (y)dS (30) 
B^fx) = w.p. / Z?"e,(x - y )_ft fc (y)dy + c lfc — ft fc (x) + 

Jq oyk oxk 

+ f [-KD a e ,(x - y)ui{y)5 u + Ul (y)D a Tu(e)(x - y) + 

+ J D tt e ,;(x-y)T 4i (u,P)(y)]n i (y)d5 (31) 

for \a\ =1. 
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Remark 5. The integral representation formulas for pressure hold also for much 
larger classes of functions. For example it holds for a. a. x G fl «/u G W^(Q) and 
P G W Jo '*(f2) for some q G (1, oo) and 

• ifQe L«(n) and div Q G L r loc (U) for q,r G (l,oo), 

• §37\) if div Q G L\ oc (p) for r G (l,oo). 

The proof of these representation formulas can be found in [4] or in [IT] . 

2.2. Results for weighted spaces. We introduce the following weights which will 
be useful in studying the asymptotic structure of solutions 

^(x)^(l + |x|)^(l + S (x)) s 

^(x)^|x| A (l + ,s(x)) s 

^"(x) =^- W (xK(x) 
V ^K) = (l + \Kx\) A (l + s(Kx)) B 

^(x,ft) = |x| A (l + ,s(ftx)) s 
^• w (x,ft)=^(x,ftK(x,ft) 

We recall that weight g belongs to the class A p if there exists a constant C such 
that 



sup 



< C < oo, (33) 



where the supremum is taken over all cubes Q C M 3 . 

A basic property of the weight ry~^ is the following condition 



/ V-b (x)dx < oo <^> a + min{l, &} > 3. 



(34) 



For a proof of this and further properties we refer the reader to [TT] . 

One of the main tools we use is the following theorem due to Koch [6]. We 
should mention that this estimate is an essential improvement of what has been 
known about weighted estimates of the solutions to the Oseen system. Without 
this result it was impossible to obtain weighted estimates for the model of the 
second grade fluid or for Maxwell and Oldroyd-type fluids, see [llj . 

Theorem 5. (Koch) Let T be an integral operator with the kernel g x dx O on 
R 3 . Then the following estimate hold: 

\\Tf\\ pAg) ^<C\\f\\ pXg) ^ (35) 
for p G (1, oo) and g — r)g(x) for A, B satisfying 

, 1 2(p - 1) 
A,B e ' 



2A- B,2B - A< 

P 



P P 

A + B>-- (36) 
P 

2(p-l) + l 
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The proof of this theorem can be found in [6]. Note that in [6] the theorem 
is formulated only for the case p = 2, nevertheless the proof is given for general 
p G (1, oo). The same estimate holds also for the case of an exterior domain. 

Corollary 1. For the same operator T as in Theorem^ we have 

\\Tf\\ pXgiln <CK"\\f\\ pAg2hn , (37) 

where g\ = ji B ' u (x, TV) , gi = /x B ' 2w (x, TV), A,B satisfying [3b)) and uj G [0, 4)' 
Proof. First we observe that for all x G il it holds 

^(x)<^(x)<(l+i)>^(x), (38) 

where k was introduced earlier by condition B K (0) C T> and fi = R 3 \ V. In other 
words the weights rjg(x) and ^ B ' w (x) are equivalent in fl. The presence of the 
term TV is an easy consequence of a rescaling argument, because V 2 C(x, TV) = 
TZ 3 V 2 0(TZ^,l). □ 

The proofs of the following theorems can be found for example in [7] or in 

Theorem 6. Let T be an integral operator with the kernel |VO|, T : f —> |VO| */ 
and p G (l,oo). Then T is a well defined continuous operator: 

L P (R 3 , (-, TV)) ^ L P (R 3 ,r/g(-, TV)) (39) 

for Be(0,|- A + B > -i A<|-| } A-S<i-|. Moreover we /iaue 
/or A, B specified above 

lllvo(-,w)| * /IU. ( , K) , K 3 < C*- 1 11/11^.^ ( 4 °) 

Corollary 2. For f/ie same operator T as in Theorem^ one has 

\\Tf\\ p , {gihn <Cn- 1+ "\\f\\ Mg2hn , (41) 

where g\ = /i B '"(x, 7?.), 52 = ^ B |2w (x,7i), A, F> satisfy the assertions of Theorem^ 
and uj G [0, 

Theorem 7. Fe£ 

T/(x) = — / ej (x-y)/(y)dy, i,j = 1,2,3, (42) 

/ G C^°(R 3 ), p G (1, 00) and let g stands for one of weights rjg, v B> fi B ' u ■ Let A, B 
be such that g is an A p weight in R 3 . Then T maps C^°(M. 3 ) into L p (M. 3 ,g) and 

||T/|| p!(9)iR3 <C||/|| Pi(g)iR3 . (43) 

Moreover T can be continuously extended onto F P (R 3 , <?). 

Corollary 3. The same holds also for the case of an exterior domain Q. 

Theorem 8. 

• Let B G (-i, and A + B G (-|, ^^). F/ien £/ie tuew/fa 77^ is ok 
A p weight in R 3 /or p G (1, 00). 

• Let moreover A G (— |, 3 ^ P ~ 1 '* ) a^c? W G [0, A]. F/ien £/ie weights v B and 
Hg' 1 ^ are A p weights in R 3 /or p G (1, 00). 
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2.3. Transport equation. Next we consider the steady transport equation 

z + w Vz = f in fl. (44) 

This equation is scalar, nevertheless all theorems below hold also for the vector 
case. The following theorems are proved in [9] even for more complicated cases. 

Theorem 9. (i) Let Q, G C ' 1 be an exterior domain, w G C (O), w • n = on 
dtt, V fc w G L 3 (n), f G W k ' q for q G (1,3), kq > 3. Then there exists a>0 such 
that if 

||Vw|| cfc _ 2 + ||V fc w|| 3 < a, (45) 

then there exists unique solution z G W k ' q {Vl) to \44ty satisfying the estimate 

NI M <C(«)II/II M - (46) 

(ii) Let fl G C 0,1 be an exterior domain, w G C k (fl), w • n = on dfl, f G W k ' q 
for kq > 3. Then there exists a > such that if 

HVwIlc*-! < a, (47) 

then there exists unique solution z G W k ' q {Vl) to \44ty satisfying the estimate 

\\4 k , q <C(a)\\f\\ kiq . (48) 

Theorem 10. Let f2, k, q, w and f satisfy the assumptions of Theorem^ (ii). More- 
over let g G C fc (f2) be a positive weight such that W k,q (il,g) C W > 9 (Q) and let 

||wVln 9 || c ,_ a +|w-Vln 5 | M (49) 

be sufficiently small. Let f G W k ' q (£l, g). Then z, the solution to \44% belongs to 
W Kq {fl ig ) and 

\\4 kiq , {g )<C\\n k<qt{g y (50) 

3. The proof of Theorem Q] 

3.1. Existence of solution. Here we briefly sketch the method of constructing 
the solution to the system (f7])- ([T0"l) . It is based on the following version of the 
Banach fixed point theorem. 

Theorem 11. Let X,Y be Banach spaces such that X is reflexive and X Y. 
Let H be nonempty, closed, convex and bounded subset of X and let M : H ^ H 
be a mapping such that 

\\M{u)-M{v)\\ Y <8\\u-v\\ Y Vu,veH, (51) 

5 G [0, 1). Then A4 has a unique fixed point in H. 

The proof of existence of solutions in Sobolev spaces is based on the method 
described for example in [TT] and [10]. The solution is obtained as a limit of 
successive approximations 

(, u n+lj Qn+1 

)=M(u n ,q n ), n>0, (52) 
where the mapping Ai was introduced in (j 15[) . 

Theorem 12. Let £1 G C k+1 be an exterior domain in R 3 and let f = divH, 
H G W k > 2 (tt), k > 3. Let K , W a be sufficiently small. Then for any K G (0, TZ ), 
W G (0, Wo) there exists (u, q) a solution to the system Q)-m0\) such that u G L 4 (f2) 
and Vu, q G W k ' 2 {Q). 
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Proof. We use Theorem QT] for the following choice of spaces: X — Vk, Y = Vk-i, 
where 

V k = {{u,q) : u G L 4 (0),Vu,ge W k '\n)} (53) 

with the norm 

11(11,^)11^ =72.4 H| 4 +||Vu|| M + |M| M (54) 

We use Theorems [2] and [9] for q = 2 and the observation that the right-hand side 
of the transport equation © (we denote it by B(f,w, s)) can be written in the 
divergence form as 



B(f , w, s) = div 



KR -Kw®w + W(Vw) r (Vw + (Vwf)- 

(55) 

= : divC(H,w,s) 



-WVwfs + KW— <g> w + RW— (8) ei 
azi ax-y 



assuming f = div H. As a part of the proof we obtain the following estimates 

ni ||u„|| 4 + ||Vu n || M + ||g n || fc|2 < K 
\\C{U,u ni q n )\\ k2 <K 

for all n > 0, for some constant K > depending only on 7£o, Wo and H. □ 

3.2. Weighted estimates. In this section we study weighted estimates which are 
crucial to obtain asymptotic behaviour of the solution. As we have used Theorem 
llll to prove existence of solutions in Sobolev spaces, it is now sufficient to prove that 
M. maps sufficiently large balls in proper weighted spaces into themselves. Then 
choosing (ui,qi) from this ball the solution, as the limit of the sequence (u n ,q n ), 
belongs to the same ball. We estimate the sequence in the following space 



v = \ (u,q):ueLP(n, f i 1 _r(-,n)),vu.y 2 ueLP(n,^ 1 J^(-,Tz)), 



with the norm 



q,VqeLP(n,^J 2 ' (;TZ)) 

2 p 



||(u,g)|| v =||u|| 
|Vu,V 2 u|| f _3,„ +lk,V«|| a_3,„ 

V 2 p 



(57) 



(58) 



where p is sufficiently large and uj < i — ^ . 

Remark 6. There exist a constant C depending only on tt,A,B,uj such that for 
p > 3, A, B > 0, uj e [0, A] andU<l 

Hfl , llL-(n,/.^"(.,w)) ^ C (\\9Lp{ti,^(-,K)) + H V .9llLp(n^'-(.,TC)))- ( 59 ) 

This is an easy consequence of the Sobolev imbedding theorem and the fact that 
there is a constant C independent of 1Z such that 

\\9\\LP(n,v^"(.,n)) ^ c \\9\\LP(Q,^"(.,n)) • ( 60 ) 



ON THE 3D STEADY FLOW OF A SECOND GRADE FLUID PAST AN OBSTACLE 



11 



Let us mention that using this Remark we get u e L°°(fl,fj, £' (-,TZ)) with p 

p 

arbitrarily large and therefore almost the same asymptotic structure as O. 
Let us assume 

||(w,*)|| v <C , (61) 

where Co is sufficiently large constant which will be determined later. It is im- 
portant to mention that this constant is determined by the estimates (|56p and is 
independent of 1Z and W. 

Our aim is to prove that also 

\\M(w,s)\\ v =\\(u,q)\\<C Q . (62) 

We recall that we also assume that (w, s) satisfy (f56|) . 

Throughout the rest of this paper we will use the following notation to simplify 
things 

X" = &(!!, MjhPo, K)) (63) 

p 

We will estimate both B(f , w, s) and C(H, w, s) in X 2u . Due to the presence of 
the Reynolds and Weissenberg numbers in front of each term on the right hand side 
it is sufficient to show the presence of all terms in X 2u} , smallness of these terms is 
achieved by assuming 1Z. W sufficiently small. We will proceed term by term and 
denote the terms on the right hand side of (|16[) by B\, B§ and the corresponding 
terms of C by C±, Cg. First we use assumption 

f,HeI 2u , (64) 

which allows us to estimate B\ , C\ in X 2u . We estimate B^ in the following way 



|wVw||^ aai 



< iiwf 



(-,-*)) 



(65) 



The last term is finite for p > 3 and therefore using Remark [5] 



\B 



211X2" 



< CTZCl 



We proceed in the similar way also in the divergence form case. Here 



|w <g> w|| X 2^ < || w| 



and therefore for p > 6 we get 



(-,«■)) 



\c 2 \\ xau <cnc 2 . 



(66) 



>(n) 
(67) 

(68) 



Similar procedure works also for terms -B3, -B4, B§ and C3, C4, C5, we only show 
the estimates for B$ and B4 which are most restritive. 



|V 2 wVw| 



X 2u 



< llVwl 



|V 2 w| 



(•,«•)) 



3- 



|VwVs||^ < ||Vw| 



|Vs| 



(•,■*)) 



2' 



L°°(0) 

(69) 

L°°(0) 

(70) 
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Linear terms Bq, Cq are trivial. We get 

\\B 3 ,B 4 ,C 3 ,C 4 \\ X2 „ <CWCl 

\\B 5 , C 5 \\ X2 „ <CKWC%, (71) 

II^Osllx^ <n x -"wc 

and putting all calculations together we end up with 

||B(f,w, S )|| x2w <C((W + W)Cg + ^ 1 -' J WCo), 

||C(H,w,s)|| x2 „ <C((K + W)C 2 +^WC ), 

for p > 6. Now we can use Theorem ITOl on the equation ([T6|) to get 

|M| xaw <C||B(f,w,s)|| x2 „ < C((^ + W)C 2 + ^ 1 -"WC ). (73) 

Moreover we can write the equation (|16l) in the following form 

z = div [C(H,w,s)-Wz(2)(w + ei)] (74) 

since div (w + ei) = 0. Hence z = div Z for some tensor Z and 

||Z|| X2 „ < ||C(H,w,,s)|| x2 .+W||z|| x2 . IKw + ex)^ < C((R+W)C%+K 1 - u WCo). 

(75) 

Now we can proceed with the Oseen equation (|17p with the right hand side 
z = divZ. We use the integral representation formulas ((27)) - (|29|) and (|30|) - (|3"Tj) 
to estimate (u, g) in V. We can split u into u = + u s , where u y denotes the 
volume integral and u s denotes the surface integrals. Similarly we split Vu, V 2 u, 
q and Vg. 

We start with the estimates of the volume parts. For the estimate of u v G 

L p (£l, /U,_f ' (•, TVf) we use Theorem [5] and its Corollary and get 

p 

||u y || < C7?T 1+ " ||Z|| X2 „ <C((r+r 1+1J W)C 2 + WCo), (76) 

p 

which can be made sufficiently small by choosing 1Z, W small. 

For the estimates of (Vu) y and (V 2 u) y we use Theorem [5] and its Corollary 
and get 

||(Vu) y || 3_3^ < CK" \\Z\\ xau < C{{K 1+U1 +K^W)Cl +TZWC Q ) (77) 

P 

||(V 2 u) v || a_3„ < CTZ U \\x\\ xau < C{{K 1+UJ +1Z U W)C$ + TZWC ) (78) 

LP{v?_£ (-,11)) 

V 

Again, terms on the right-hand sides can be made sufficiently small by choosing 
1Z, W small. For the estimates of q v and (Vg) y we use Theorem[7]and its Corollary 
and we obtain 

lk V || 3„3„ <C||Z|| 3_3^ < 

lp(pI_1- (,tc)) 

2 p 2 p 

< C ||Z|| x2w < C((TZ + W)Cl + K^WCq) (79) 

||(Vg) y || 3_3^ <C||Z|| 3^3^ < 

2 p 2 p 



< C ||z|| x2w < C((ft + W)C 2 + -R}- U WC ) (80) 
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Again the right-hand sides can be made small same way as before. 

Next we proceed with the surface integrals. Here we distinguish three cases 

Qi = {x G fi, |x| < 1} 

1 



n 2 = ^ x e n, l < |x| < 



(81) 



Sl 3 = xeil, |x| > 



In the case f?i all our weights ~ 1 and we do not use the integral representation 
formulas. We rather use the following estimate 

IMIwCiiO < c ( l + HVu|| WI . a(ni) ) < C(l + ||Vu|| wl , 3(n) ) < C(l + K) (82) 

which is due to Friedrichs inequality and ([56]) . Arising term C(l + K) can be made 
small in comparison with Co by choosing Co large enough. Together with (|76|) we 
get 

||u s || ,_ a „ <C(l + iq+C((ft w +ft- 1+w W)C 2 + WC ). (83) 

P 

We use analogous procedure also for Vu, V 2 u and get 

||Vu, V 2 u|| iP(f2i) < C(l+||Vu|| w3 , 2(ni) ) < C(l + ||Vu|| w3 , 2(n) ) < C(l + K) (84) 
and therefore 

||(Vu) s ,(V 2 u) s || 3_3^ < C(l + K) + C((ll 1+UJ +11^)0% + 1IWC ). 

u LP(n UIJ *_*' (;TZ)) 

P 

(85) 

Analogously for the pressure. 

Next we proceed with the case ^2- We start with u s and denote four terms in 
the surface integral (|27|) by u 3 - 1 , u S ' 4 . For u 5 ' 1 we have 



u s,1 (x)r |x| pw (l + K |x|) p - 3 ^(l + s{n^)f- 2 < 



< W |x| p " (1 + Tl |x|)P- 3 - p "(l + s(TZx)) 



p-2 



f <%(x-y,ft)dy 



< 



< cw |x| p " (i + ^|x|) p - 3 - pw (i + s(^x)) p - 2 o y (x,K) + vo i:i (-,n) 



< 



< CK P (1 + K |x|)^ 3 ^(l + s(^x)) p - 2 
where the crucial estimate is the following 



1 



i2p— puj J ' 



|v fc e>(x,^)| < c 



(86) 



(87) 



for k > 0. We use this estimate throughout the rest of the procedure in the case 
f^2- Therefore 
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Arising functions are integrable and | X | P " p dx < p _^_ 3 < 47r for p > 6 and 
ui < | — i.e. integrals of such functions over S^2 are bounded independently 
of 1Z by universal constant 47r. Therefore this term can be estimated choosing Co 
large and at this point we do not require 1Z to be small, even if we have W at our 
disposal. This fact will play a role in estimating u S ' 2 , u S ' 3 and u S ' 4 , where there 
is no power of 1Z available. 

Next for u S ' 2 we proceed similarly 



u S ' 2 (x)| P |x| pw (l + K |x|) p ~ 3 - pw (l + s(Kx)) p - 2 < 



< C \*r (1 + ft \x\) p - 3 - puj (l + s(Kx)) p - 2 x 
VOij (x, K) + V 2 Oij ( J , ft) + e, (x) + Ve, ( J ) 



< C(l + ft |x|)p- 3 -p"(1 + s(ftx))P" 



1 



\2p— puj 



< 



l 



\3p— puj 



(89) 



and therefore 



,S,2||P 



'l^.u §' (.,71)) 



< c 




(90) 



and we are in similar situation as in the case u 
We treat u 5,3 and u 5,4 together 



| u 5,3 + U S,4( X )|P | X |P- (1 + n | x |)P-3-P^(! + s (^ x )) p - 2 < 

< c \*r (i + ft |x|)^ 3 - p "(i + s (ftx))f- 2 |%(x,ft) + va y (|,ft) 

x (||Vu|| W n, 2(n) + \\q\\ w i,2 { n) + \\Z\\ W i,*t™ ) < 
< CK(l + ft |x|) p - 3 - pw (l + s(TZx)) p - 2 ' 



2 m 
i 

\p—puj 



1 

1 2p—pu) 



(91) 



and therefore 



| U S,3 + U S,4||P t Sb <^ 



1 



1 2p—puj 



dx. 



(92) 



Here we have used also ([55| . 

For higher gradients of u and pressure and its gradient we use similar procedure, 
in this case higher gradients are even easier to estimate. 
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Wc finish with the case SI3. Here the situation is a little different. We have 
|u s ' 1 (x)| P |x| p " (1+H |x|) p - 3 -^(l + s(ftx)) p - 2 < 



< W |x| p " {1 + 11 |x|) p - 3 -^(l + s(ftx)) p " 2 



/ 0y(x-y,ft)dy 
Jan 



< 



< CW |x| p " (1 + ft |x|)P- 3 -f"(l + s(ftx))P- 2 OifaK) + VCy(-,ft) 
< CTZ P \x\ puJ {1 + K |x|) p - 3 - p "(l + s(TZx)) p - 2 x 

( W K 2p \ 



< 



|ftx| p (i + s (ftx)) P \nx\%(i + s (iix))-i 



Here we have used that 



|V K 0(x,ft)| < C — - 



|x| 1+2 (l + s(ftx)) 1+ f 



(93) 



(94) 



for k > 0. Therefore 

||u sr,1 l| p <CK 2p - puj 



1 



1 



Cn 3p-pu 



1 



(l + |ftx|)3 (l + s(ftx)) 2 

1 



dx+ 



/n, V(l + |^x|) 3 +« (l + s (ftx)) 2 +« 

< cn 2p-pu-3 f V ll(y)dy + CTl 3p ~ pul - 3 [ 
.1 Jr 



dx < 



»?_ 2 _I(y)dy (95) 



Arising integrals are finite due to (|34j) . 
For u S ' 2 we obtain in the similar way 



A2I 



P 

+ Cft 2p ~ p " 



< CR 2p ~ puj 



1 



1 



1 



n 3 V(l + |^x|) 3 +« (l + s(ftx)) 2 +i 
1 



dx- 



3 V(1+I^X|) 3 +P (1 + S (ftx)) 2 -P 

n 3 V(1 + I^x|) 3 +p (1 + s(Kx)) 2 +p 
1 



dx- 
dx- 



CV? p ~ pu 



1 



03 V(1 + I^X|)3+2 P (l + s (ft X ))2-P 



Treating u*' 3 and u 6, together we get 



| U S,3 + U S,4| 



Cn 2p-pu 



< CTZ p - puJ 
1 



1 



1 



a A(i + |7ex|) 3 (i + s (^x)) 2 
1 



dx. (96) 



dx- 



dx < 



n, v(l + |ftx|) 3 +« (l + s(ftx))^ 
<CK p - p "- 3 [ 7 ? Z 3 (y)dy + Cft 2p - p - 3 / ryl^f (y)dy. (97) 

Again, we proceed similarly with the estimates of gradients of u and pressure 
and its gradient. Putting all calculations together, choosing first Co sufficiently 
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large and then 1Z, W sufficiently small we finally end up with 

ll(u.?)llv<a> ( 98 ) 

and the proof of Theorem Q] is finished. 
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